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Cavity-QED is a promising avenue for the deterministic generation of entangled and spin-squeezed states for
quantum metrology. One archetypal scheme generates squeezing via collective one-axis twisting interactions.
However, we show that in implementations using optical transitions in long-lived atoms the achievable squeezing
is fundamentally limited by collectively enhanced emission into the cavity mode which is generated in parallel
with the cavity-mediated spin-spin interactions. We propose an alternative scheme which generates a squeezed
state that is protected from collective emission, and investigate its sensitivity to realistic sources of experimental
noise and imperfections.
Introduction: Atomic clocks operated with long-lived opti-
cally excited states in large ensembles of alkaline-earth atoms
have led to unprecendent advances in frequency and time-
standards [1–6]. This has been achieved both by taking ad-
vantage of the superior precision afforded by operating at op-
tical rather than microwave frequencies, and by utilizing large
numbers of atoms N to quickly average down quantum pro-
jection noise. However, these clocks are reaching a point
where improvements in sensing capabilities based on individ-
ual particle control have limited return due to physical and
practical constraints, such as difficulty increasing the num-
ber of participating atoms due to collisional shifts [7]. This
presents a clear need for a new paradigm of sensors that utilize
many-particle quantum correlations [8], dramatically reduc-
ing quantum noise and breaking through the standard quan-
tum limit (SQL) on phase-sensitivity, δφ ∼ 1/√N rad. How-
ever, quantum correlations are difficult to create and intrinsi-
cally fragile to decoherence, and therefore the design and im-
plementation of robust methods for entanglement generation
is an important current challenge for quantum-enhanced sen-
sors, and in particular, the next-generation of atomic clocks.
A canonical example of useful entangled states for metrol-
ogy are squeezed states [9, 10], which feature a reduction of
the quantum projection noise along a particular quadrature.
In atomic ensembles, spin-squeezed states have successfully
been generated in proof-of-principle systems that operate on
microwave-frequency transitions by projective measurement
and feedback protocols [11–16], with state-of-the-art schemes
reaching ∼ 18 dB below SQL [15, 16]. Deterministic pro-
duction of spin-squeezed states generated by one-axis twist-
ing (OAT) schemes has also been demonstrated on microwave
transitions [17–19]. However, the best reported squeezing re-
mains limited at 8 dB below SQL [18]. It is then desirable to
understand how entanglement generated by unitary dynamics
can be significantly improved, particularly protocols applica-
ble to optical transitions used in current state-of-the-art atomic
clocks.
In this vein, recent work has highlighted the possibility of
using photon-mediated spin-exchange interactions to engineer
OAT in an undriven optical cavity [20, 21]. The scheme is rel-
evant to the dynamical generation of spin-squeezed states di-
rectly on the narrow linewidth optical clock transition. How-
ever, the achievable squeezing is severely limited by intrinsic
dissipative noise arising due to superradiance: the collective
emission and leakage of photons from the cavity.
In this manuscript, we propose to overcome this problem
by generating squeezing from an unorthodox initial state com-
posed of a pair of spin ensembles with zero mean total spin-
projection. In this protocol, which we refer to as ‘two-spin
squeezing’ (TSS), the squeezing is generated in an almost or-
thogonal quadrature to the noise arising from superradiance.
Our theoretical calculations demonstrate this leads to a re-
duced sensitivity to collective emission and consequently the
TSS scheme out-performs the conventional OAT protocol. We
also examine the robustness of TSS in the presence of typical
sources of single-particle decoherence.
Model and definitions: We consider a system of N atoms
trapped in a standing-wave optical lattice which is supported
by an optical cavity [20], illustrated in Fig. 1(a). The cavity
field couples the ground and excited clock states of the atom
with single-photon Rabi frequency 2g. We assume the atom-
light coupling is spatially uniform throughout the cavity, such
that we can describe the atomic ensemble using collective spin
operators Sˆx,y,zα ≡
∑
j σˆ
x,y,z
j,α /2 where σˆ
x,y,z
j,α denote Pauli
matrices. The summation of j runs over the atomic ensemble
and α indexes the possible internal degrees of freedom, e.g.,
hyperfine levels.
The narrow linewidth of the clock transition,γ, relative to
the cavity linewidth κ  γ, allows us to adiabatically elim-
inate the cavity field such that the photons only mediate ef-
fective spin dynamics [20]. The reduced density matrix of
the atomic spin then evolves according to the effective spin
Hamiltonian (see SM)
Hˆeff = ~
∑
α,β
χα,βSˆ
+
α Sˆ
−
β , (1)
and the Lindblad jump operator LˆΓ =
∑
α
√
Γα/2Sˆ
−
α , where
Sˆ±α ≡ Sˆxα + iSˆyα accounts for the collectively enhanced
emission into the cavity. The relative strength of the elas-
tic interactions χα,β = 4gαgβ∆c/(4∆2c + κ
2) and dissipa-
tion Γα = 4g2ακ/(4∆
2
c + κ
2) is controlled by the detuning
∆c of the cavity from resonance with the atomic transition.
Throughout the manuscript, we will now set ~ = 1
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FIG. 1. (a) Proposed experimental system, consisting of an ensemble
ofN atoms trapped in a standing-wave lattice potential and optically
coupled to the field within an optical cavity. The multiple mF spin-
projections of the 1S0 to 3P0 transition of 87Sr [20] allow the real-
ization of multiple independently controllable collective spins. (b)
Cavity-mediated one-axis twisting. Quantum fluctuations along Sz
(light distribution) lead to a precession of the Bloch vector ~S (red,
trajectory indicated by blue) about the Sz-axis, generating squeezing
of the noise distribution (dark distribution). (c) Two-spin squeezing.
(i) and (ii) Common-mode fluctuations along Sy of a pair of back-to-
back collective spins (faded red) generates a weak coherence along
Sy (green), which both drives and defines the precession axis of the
Bloch vectors ~S1,2 (solid red, blue circle guides the eye for the pre-
cesion). (iii) Subsequent rotation about Sy of one of the spins (indi-
cated by dashed blue arc) maps this precession into a squeezing of
the collective distribution.
In terms of spin operators, squeezing is characterised by
the parameter ξ2 ≡ Nmin[〈(δSˆψ)2〉]/|〈~S〉|2 [22], where
min[〈(δSˆψ)2〉] is the minimal quadrature variance of the state
along a direction nˆψ perpendicular to 〈~S〉 ( i.e. nˆψ · 〈~S〉 = 0
and 〈(δSˆψ)2〉 ≡ 〈(nˆψ · Sˆψ)2〉 − 〈nˆψ · Sˆψ〉2). Squeezing
ξ2 < 1 indicates that the quantum noise of the state along one
quadrature is reduced below the SQL, defined with respect to
an isotropic coherent spin state.
Spin-squeezing by one-axis twisting: When a single inter-
nal level is populated, the effective Hamiltonian reduces to
Hˆeff = χSˆ
+Sˆ− which can be rewritten as Hˆeff ≡ χ(Sˆ2 −
Sˆ2z + Sˆz). The term ∝ Sˆ2z generates one-axis twisting [10]
whilst the last term generates a trivial single-particle rota-
tion which can be neglected herein. The first term ∝ Sˆ2 ≡
Sˆ2x+ Sˆ
2
y + Sˆ
2
z , commutes with the one-axis twisting, but is re-
sponsible for opening a many-body gap between Dicke man-
ifolds with different eigenvalues S(S + 1) (S = 0, ..., N/2)
of Sˆ2 which can protect the collective dynamics from slow
single-particle decoherence [20]. Here, we assume the unitary
dynamics is restricted to the S = N/2 manifold and thus con-
sider Hˆeff equivalent to the OAT Hamiltonian HˆOAT = χSˆ2z .
The OAT spin squeezing can be understood in a semi-
classical picture, illustrated in Fig. 1 (b), in terms of the mean-
field Hamiltonian HˆMF ≡ 2χ〈Sˆz〉Sˆz , which generates rota-
tions about the Sz-axis at a rate dependent on the atomic in-
version. Under HˆMF the isotropic noise distribution of an ini-
tially prepared spin coherent state along x, |ΦOAT 〉 = |N/2〉x
with Sˆx|N/2〉x = N/2|N/2〉x, will shear into an anisotropic
distribution with reduced noise along one quadrature and in-
creased noise along the other. As the spin-spin interactions
responsible for the OAT dynamics are mediated by a macro-
scopically populated cavity field, they are also accompanied
by superradiant collective emission from the cavity mode. A
net leakage of photons from the cavity carries away informa-
tion at the enhanced rate κ〈aˆ†aˆ〉 ∼ κN2, and correspondingly
introduces excess dissipative noise ∝ N2Γt to the Sz quadra-
ture, degrading the spin squeezing.
A perturbative treatment of both collective emission and the
unitary dynamics leads to an expression for the time evolution
of the squeezing (see Ref. [21] and SM),
ξ2OAT ≈
1
2Nβ
+
2
3
β2 + ΓNt (2)
where β ≡ Nχ2t2/2 1. The term∝ 1/β describes the spin
squeezing, while the term ∝ β2 describes over-squeezing due
to the curvature of the Bloch sphere that yields a non-Gaussian
distribution. The last term ΓNt describes the collectively en-
hanced dissipative noise added to the squeezed quadrature.
For Γ = 0, the optimal achievable OAT squeezing is limited
only by the curvature of the Bloch sphere, which is reached
when β2 ∼ 1/(Nβ) and for large atom numberN  1 scales
as ∼ N−2/3 [10]. In contrast, superradiant emission, Γ 6= 0,
limits the optimal squeezing when the added noise becomes
comparable to ΓNt ∼ 1Nβ . This noise typically becomes
dominant at much earlier times than non-Gaussian effects.
The impact of superradiance is more clear if one minimizes
Eq. (2) with respect to t, for fixed cavity parameter Γ/χ. In
this case, ignoring the term ∝ β2 in Eq. (2) as negligible, the
achievable squeezing is bounded by
ξ2OAT
∣∣
Γ,χ
≈ 3
22/3
(
Γ
χ
)2/3
, (3)
independent of atom number N .
Two-spin squeezing (TSS): We now consider the alternative
scheme and demonstrate how initiating the dynamics from an
unconventional state of zero mean coherence maps to an ef-
fective Hamiltonian which generates squeezing that is robust
to collective emission. Initially the atoms are separated in two
different ensembles, denoted as α = 1, 2, each composed of
N/2 atoms, and the system is then prepared in an incoherent
state composed of a pair of opposite (back-to-back) collec-
tive spins: |ΦTSS〉 = |N/4〉x1
⊗ | −N/4〉x2 , each one in an
stretched eigenstate of Sˆxj=1,2 but aligned along opposing di-
rections, Sˆxj | ± N/4〉xj ≡ ±(N/4)| ± N/4〉xj . Such a state
could be realized by utilizing the mF = ±9/2 hyperfine lev-
els of 87Sr [20]. This initial state has zero mean coherence
〈Sˆ+〉 = 0 and 〈Sˆ+Sˆ−〉 = N/2, and as such the cavity occu-
pation 〈aˆ†aˆ〉 ∝ 〈Sˆ+Sˆ−〉 ∼ N is reduced by a factor of N to
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FIG. 2. (a) Comparison of squeezing with OAT and TSS protocols
for N = 1000. Faded lines are the ideal (Γ = 0) results for OAT
(blue) and TSS (red dashed). Solid lines are Γ = 0.1χ results for
OAT (blue) and TSS (red dashed). Best squeezing as a function of
Γ/χ (solid blue – OAT, dashed red – TSS) is plotted in the inset.
Dot-dashed blue line indicates squeezing obtained with OAT and
N = 200, illustrating the invariance with N . All calculations are
numerical solution of the master equation as discussed in main text.
(b) Dark region indicates ideal squeezed state, light region indicates
distribution with added dissipative noise due to photon leakage from
the cavity (arrows), which approximately aligns with the squeezed
quadrature (OAT) or anti-squeezed quadrature (TSS).
the level of N independent emitting atoms. For clarity, the to-
tal collective spin operators are Sˆα ≡ Sˆα1 +Sˆα2 for α = x, y, z,
where the subscript refers to the ensemble internal degree of
freedom.
Even though the initial state has zero mean coherence it
will nevertheless non-trivially evolve under the Hamiltonian
Hˆeff = χSˆ
+Sˆ− ≡ χ(Sˆ+1 + Sˆ+2 )(Sˆ−1 + Sˆ−2 ) [Eq. (1)].
This form of the Hamiltonian assumes χα,β ≡ χ, satisfied
for mF = ±9/2 or any ‘symmetric’ pair of hyperfine levels
±mF . To reveal squeezing, after the dynamics we perform a
local spin-flip rotation of the 2nd collective spin about yˆ. For
short evolution under Hˆeff , which is what we consider in the
following, the evolved state is approximately transferred back
to the fully symmetric manifold S = N/2 (up to negligible
corrections, see later discussion and SM) For example, in the
absence of any evolution under Hˆeff the final state would be
|N/2〉x.
The overall protocol can be recast in terms of evolution un-
der a Hamiltonian in a rotated reference-frame acting on an
initially collective state (S = N/2) with all spins aligned to-
gether along Sx:
|ψ(t)〉 = Rˆy2(−pi)e−iHˆeff tRˆy2(pi)|N/2〉x ≡ e−i
ˆ˜Ht|N/2〉x.
Here, Rˆyj (φ) = e
−iφSˆyj is a collective spin rotation
acting on the j = 1, 2 internal state and ˆ˜H ≡
χ
[
(Sˆx1 − Sˆx2 )2 + (Sˆy1 + Sˆy2 )2
]
. The second term of ˆ˜H in-
duces one-axis twisting about the yˆ axis, leading to an approx-
imate azimuthally (‘phase’) squeezed state. The first term is
more complex and could lead to degradation of squeezing cor-
relations. However, as the initial state in this rotated frame is
an eigenstate of Sˆx1 and Sˆ
x
2 , then at the relevant short time-
scale of squeezing this term can be ignored and the dynamics
effectively remains in the S = N/2 manifold. Moreover, our
scheme is not overly sensitive to this assumption and can toler-
ate independent number fluctuations . N1/3 in the prepared
ensembles (see SM).
Physical intuition can be gained by a semi-classical descrip-
tion in the original frame of the back-to-back spins |ΦTSS〉,
as illustrated in Fig. 1 (c). For this initial state, the mean-
field Hamiltonian corresponds to a precession of each of the
individual spins about the Sy projection of the total collective
spin, HˆMF ≈ 2χ〈Sˆy1 + Sˆy2 〉
(
Sˆy1 + Sˆ
y
2
)
. Shearing is then
induced by common-mode fluctuations of the initial states
∼ √N along Sy (i. e., phase noise), which generate a weak
coherence about which the opposing classical Bloch vectors
precess [panels (i) and (ii)]. After application of the pi-pulse
to the 2nd collective spin this precession yields net squeezing
of the collective ensemble about yˆ [panel (iii)].
In contrast to OAT squeezing, the TSS dynamics are gen-
erated by a cavity field with an amplitude reduced by a fac-
tor of
√
N . This is a consequence of the field being induced
by quantum fluctuations of the atomic coherence 〈aˆ〉TSS ∼√
〈Sˆ2y〉 ∼
√
N . Regardless of this relatively weak cavity
field, the TSS protocol can achieve a similar level of shear-
ing relative to OAT. This is reconciled by understanding that
in OAT the Bloch vector precesses at a rate ∝ N – related to
the cavity field amplitude 〈aˆ〉OAT ∼ 〈Sˆ+〉 ∼ N – about a
rotation axis that is nearly aligned to said Bloch vector, up to
fluctuations associated with atomic projection noise ∝ √N .
Conversely, in TSS the rotation rate is lower by a factor of√
N relative to OAT, however, the Bloch vectors associated
with the individual spin ensembles are nearly perpendicular to
the axis of rotation. Thus, in TSS the component of the Bloch
vectors perpendicular to the axis of rotation is
√
N larger than
OAT, compensating for the
√
N smaller cavity field compared
to OAT. The
√
N larger component of the relevant Bloch vec-
tors perpendicular to the axis of rotation compensates for the√
N smaller cavity field compared to OAT.
We now shift our focus to understand why the TSS squeez-
ing is robust against collective emission. Whilst the reduced
atomic coherence of the initial state leads to an associated re-
duction in the rate of photon leakage from the cavity, ∝ κN ,
excess dissipative noise is still added to the Sz quadrature of
the final state at a rate identical to OAT, ∝ N2Γt. This is
reconciled by noting that the Sz quadrature of the measured
state after the rotation about yˆ actually corresponds to the in-
version difference Sˆz1 − Sˆz2 during the squeezing dynamics.
4In contrast to OAT, the dissipative noise in the measured Sz
quadrature is then not driven by the usual atomic coherence
〈Sˆ+Sˆ−〉 (i.e., cavity occupation 〈aˆ†aˆ〉), but rather the differ-
ential atomic coherence 〈(Sˆ+1 −Sˆ+2 )(Sˆ−1 −Sˆ−2 )〉 ∼ N2. While
this dissipative noise thus remains large, unlike OAT it now
contributes predominantly to the anti-squeezed quadrature of
a phase-squeezed state. We illustrate this contrast to OAT in
Fig. 2(b). We emphasize that the reduced atomic coherence
〈Sˆ+Sˆ−〉 and suppression of superradiance remains an impor-
tant ingredient for TSS: Superradiant decay of the atomic in-
version would generate fluctuations in Sˆx and thus degrade
correlations via the term ∝ (Sˆx1 − Sˆx2 )2 in ˆ˜H .
A perturbative treatment leads to the following approximate
expression for the squeezing parameter (see SM):
ξ2TSS ≈
1 + ΓNt
2Nβ
+
14
9
β2. (4)
The contrast to OAT is illustrated here by the suppression of
the dissipative noise by the prefactor ∼ 1/(Nβ), which re-
flects that it is added predominantly to the anti-squeezed rather
than squeezed quadrature. Importantly, this means that for
TSS the optimal squeezing essentially remains limited only
by the emergence of non-Gaussian corrections to the distribu-
tion ∼ β2. Optimizing the squeezing respect to time for fixed
cavity parameters Eq. (S40) leads in this case to
ξ2TSS
∣∣
Γ,χ
≈ 21
1/3
2N2/3
+
71/6Γ
31/3χN1/3
. (5)
The key difference is that collective decoherence does not lead
to a lower bound on squeezing as it does for conventional
OAT. For largeN we thus find that TSS scales with atom num-
ber as ξ2TSS
∣∣
Γ,χ
∝ N−1/3.
We directly compare the optimal squeezing generated by
OAT and TSS protocols for the case of N = 1000 in Fig. 2.
Results are based on numerical solution of the master equa-
tion taking into account all relevant secondary effects, such
as decay of the spin-length |〈~S〉| due to quantum fluctuations
and non-collective terms ∝ (Sˆx1 − Sˆx2 )2 in the effective TSS
Hamiltonian ˆ˜H , so that the validity goes beyond the pertur-
bative analysis of Eqs. (2) and (S40). They confirm that, un-
like OAT, suppression of collective emission in TSS leads to
squeezing limited by non-Gaussian corrections to the spin dis-
tribution at relatively long times. The strikingly different im-
pact of superradiance in the schemes is illustrated in the inset,
where we plot the numerically obtained optimal squeezing as
a function of Γ/χ.
Sensitivity to single-particle decoherence: Instead of operat-
ing at fixed Γ/χ ≡ κ/∆c one could in principle remove the
detrimental effect of superradiance in OAT by operating at a
large cavity detuning ∆c. However, in reality under this con-
dition the generation of squeezing will become sufficiently
slow that other external and technical noise sources become
the limiting factors for metrological sensitivity. In this vein,
we now include relevant single particle decoherence mech-
anisms which typically can be characterised in terms of the
single particle jump operators Lˆsj =
√
γs/2σˆ
−
j (describing,
e.g., spontaneous emission or Raman light scattering) and
Lˆelj =
√
γel/8σˆ
z
j (describing, e.g., Rayleigh scattering and
dephasing from stray fields or collisions).
By treating single-particle and collective emission pertur-
batively (see SM) we obtain the approximate expressions
ξ2TSS,γs ≈
1 + ΓNt
2Nβ
+ γst, (6)
ξ2OAT,γs ≈
1
2Nβ
+ ΓNt+ γst, (7)
where we ignore the terms ∝ β2 as irrelevant compared to
the dissipative contribution. The clear difference here is that
the squeezing achievable via OAT is limited by both collec-
tive and single-particle emission, whereas TSS suppresses the
collective component. One then expects that squeezing can be
generated on faster time-scales with TSS to minimize single-
particle decoherence, as collective dissipative noise is not the
most relevant limitation. This is supported by optimising
the achievable squeezing by varying the cavity detuning ∆c,
yielding the superior ξ2TSS|γs ≈
√
24/(Nηs) when compared
to ξ2OAT|γs ≈ 6(Nηs)−1/3 where ηs = 4g2/(κγs) is an ef-
fective cavity co-operativity. The optimal detuning for TSS is
closer to the cavity resonance by a factor of ∼ (ηsN)1/4 and
occurs on a shorter overall time-scale than OAT, confirming
expectations (see SM for details). We note that the scaling
achievable with TSS is equivalent to that predicted by intro-
ducing an additional drive term in Ref. [21]. However, the
improvement in that case is only a byproduct of enhancing
the rate at which the squeezing dynamics occur, at the cost
of adding further systematic effects generated by the addi-
tional drive. Whether a driving protocol can be similarly im-
plemented to accelerate TSS will be addressed in a follow-up
work as well as applications to more general interferometry
schemes [23–25].
However, the robustness of TSS to collective emission
comes at a tradeoff to increased sensitivity to single-particle
dephasing. This decoherence intuitively adds excess noise to
the squeezed quadrature of the phase-squeezed state, whereas
for OAT it only contributes to the anti-squeezed quadrature.
We find the time evolution of the squeezing for γelt  1 is
approximately (see SM)
ξ2TSS,γel ≈
1 + ΓNt
2Nβ
+ γelt, (8)
ξ2OAT,γel ≈
1 + 2γelt
2Nβ
+ ΓNt. (9)
Here, the suppression of collective emission in TSS is of
reduced benefit over OAT, as the role of single-particle de-
phasing and collective emission is interchangeable between
the two schemes. This is reflected by optimising with re-
spect to the cavity detuning, which yields an identical re-
sult ξ2 ∼ (Nηel)−1/2 for both protocols (see SM) where
ηel = 4g
2/(κγel). Consequently, the superiority of TSS over
OAT, driven by the ability to suppress collective dissipative
5noise, is most prominent in the limit where single-particle de-
coherence is dominated by spontaneous emission, γs  γel.
Such a regime is relevant as γs and Γ are fundamental sources
of decoherence, due to the finite transition linewidth and en-
gineering of the squeezing Hamiltonian respectively, whereas
γel is a technical barrier.
Conclusion: Whilst the generation of quantum correlations
and entanglement which are protected against decoherence is
of broad interest to quantum enhanced technologies, to date,
measurement improvements from deterministic generation of
many-body states have been small and proof-of-principle in
nature. The TSS protocol proposed here is intrinsically robust
against the detrimental effects of superradiance and thus par-
ticularly useful for the next-generation of quantum enhanced
optical atomic clocks. Its implementation could open a path
to deliver significant gains to sensors with real-world applica-
tions.
The authors acknowledge fruitful discussions with
J. Young, J. Viennot and A. Gorshkov. A. M. R acknowl-
edges support from Defense Advanced Research Projects
Agency (DARPA) and Army Research Office grant W911NF-
16-1-0576, NSF grant PHY1521080, JILA-NSF grant
PFC-173400, and the Air Force Office of Scientific Research
and its Multidisciplinary University Research Initiative grant
FA9550-13-1-0086. Financial support from NIST is also
acknowledged.
[1] B. J. Bloom, T. L. Nicholson, J. R. Williams, S. L. Campbell,
M. Bishof, X. Zhang, W. Zhang, S. L. Bromley, and J. Ye,
Nature 506, 71 (2014).
[2] S. L. Campbell, R. B. Hutson, G. E. Marti, A. Goban, N. Dark-
wah Oppong, R. L. McNally, L. Sonderhouse, J. M. Robinson,
W. Zhang, B. J. Bloom, and J. Ye, Science 358, 90 (2017).
[3] A. D. Ludlow, M. M. Boyd, J. Ye, E. Peik, and P. O. Schmidt,
Rev. Mod. Phys. 87, 637 (2015).
[4] C. Grebing, A. Al-Masoudi, S. Dörscher, S. Häfner,
V. Gerginov, S. Weyers, B. Lipphardt, F. Riehle, U. Sterr, and
C. Lisdat, Optica 3, 563 (2016).
[5] J. Lodewyck, S. Bilicki, E. Bookjans, J.-L. Robyr, C. Shi,
G. Vallet, R. L. Targat, D. Nicolodi, Y. L. Coq, J. Guena, M. Ab-
grall, P. Rosenbusch, and S. Bize, Metrologia 53, 1123 (2016).
[6] T. Takano, M. Takamoto, I. Ushijima, N. Ohmae, T. Akatsuka,
A. Yamaguchi, Y. Kuroishi, H. Munekane, B. Miyahara, and
H. Katori, Nature Photonics 10, 662 (2016).
[7] M. J. Martin, M. Bishof, M. D. Swallows, X. Zhang,
C. Benko, J. von Stecher, A. V. Gorshkov,
A. M. Rey, and J. Ye, Science 341, 632 (2013),
http://science.sciencemag.org/content/341/6146/632.full.pdf.
[8] D. J. Wineland, J. J. Bollinger, W. M. Itano, F. L. Moore, and
D. J. Heinzen, Phys. Rev. A 46, R6797 (1992).
[9] D. F. Walls, Nature 306, 141 (1983).
[10] M. Kitagawa and M. Ueda, Phys. Rev. A 47, 5138 (1993).
[11] J. Appel, P. J. Windpassinger, D. Oblak, U. B. Hoff, N. Kjær-
gaard, and E. S. Polzik, PNAS 106, 10960 (2009), 8332[PII].
[12] M. H. Schleier-Smith, I. D. Leroux, and V. Vuletic´, Phys. Rev.
Lett. 104, 073604 (2010).
[13] Z. Chen, J. G. Bohnet, S. R. Sankar, J. Dai, and J. K. Thomp-
son, Phys. Rev. Lett. 106, 133601 (2011).
[14] J. G. Bohnet, K. C. Cox, M. A. Norcia, J. M. Weiner, Z. Chen,
and J. K. Thompson, Nature Photonics 8, 731 (2014), article.
[15] K. C. Cox, G. P. Greve, J. M. Weiner, and J. K. Thompson,
Phys. Rev. Lett. 116, 093602 (2016).
[16] O. Hosten, N. J. Engelsen, R. Krishnakumar, and M. A. Kase-
vich, Nature 529, 505 (2016).
[17] I. D. Leroux, M. H. Schleier-Smith, and V. Vuletic´, Phys. Rev.
Lett. 104, 073602 (2010).
[18] O. Hosten, R. Krishnakumar, N. J. Engelsen, and M. A. Kase-
vich, Science 352, 1552 (2016).
[19] C. Gross, T. Zibold, E. Nicklas, J. Estève, and M. K.
Oberthaler, Nature 464, 1165 (2010).
[20] M. A. Norcia, R. J. Lewis-Swan, J. R. K. Cline, B. Zhu, A. M.
Rey, and J. K. Thompson, “Cavity mediated collective spin ex-
change interactions in a strontium superradiant laser,” (2017),
arXiv:1711.03673.
[21] J. Hu, W. Chen, Z. Vendeiro, A. Urvoy, B. Braverman, and
V. Vuletic´, Phys. Rev. A 96, 050301 (2017).
[22] D. J. Wineland, J. J. Bollinger, W. M. Itano, and D. J. Heinzen,
Phys. Rev. A 50, 67 (1994).
[23] E. Davis, G. Bentsen, and M. Schleier-Smith, Phys. Rev. Lett.
116, 053601 (2016).
[24] O. Hosten, R. Krishnakumar, N. J. Engelsen, and M. A. Kase-
vich, Science 352, 1552 (2016).
[25] S. P. Nolan, S. S. Szigeti, and S. A. Haine, Phys. Rev. Lett. 119,
193601 (2017).
[26] M. Foss-Feig, K. R. A. Hazzard, J. J. Bollinger, and A. M. Rey,
Phys. Rev. A 87, 042101 (2013).
[27] M. Foss-Feig, K. R. A. Hazzard, J. J. Bollinger, A. M. Rey, and
C. W. Clark, New Journal of Physics 15, 113008 (2013).
[28] L. Y.-C. J. G.-R. Ji, C.-G., Quantum Inf. Comput. 13.
[29] A. Polkovnikov, Annals of Physics 325, 1790 (2010).
[30] M. Gross and S. Haroche, Physics Reports 93, 301 (1982).
[31] G. E. Marti, R. B. Hutson, A. Goban, S. L. Campbell, N. Poli,
and J. Ye, Phys. Rev. Lett. 120, 103201 (2018).
1Supplemental Material: Robust spin squeezing via photon-mediated interactions on an optical clock
transition
I. ATOM-LIGHT INTERACTION AND EFFECTIVE SPIN
MODEL
In the main text we assume the dynamics of the CQED sys-
tem can be reduced to an effective spin model describing the
atomic degrees of freedom, with the cavity field slaved to the
atomic coherence. Here, we present a more detailed deriva-
tion that establishes this approximation.
Recapping the main text for completeness, we consider a
system of N atoms trapped in a standing-wave optical lat-
tice which is supported by an optical cavity. The cavity field
couples the ground and excited clock states of an atom with
single-photon Rabi frequency 2gα, where the subscript α de-
notes the dependence on the internal hyperfine (mF ) degree
of freedom. We describe the atomic degree of freedom us-
ing collective spin operators Sˆx,y,zj,α ≡
∑
n∈j σˆ
x,y,z
n,α /2 where
σˆx,y,zj,α denote the conventional Pauli matrices. Here, the sub-
script j of the collective spin refers to the spatial lattice site,
and the summation over n refers to atoms with identical lattice
position.
Most generally, the dynamics of the coupled atom-light sys-
tem is described by a master equation for the density matrix,
ρˆ,
dρˆ
dt
= − i
~
[
HˆAL, ρˆ
]
+ Lc[ρˆ], (S1)
Here, the Hamiltonian describing the atom-light coupling is
HˆAL = ~∆caˆ†aˆ+ ~
∑
j,α
gj,α
(
aˆ†Sˆ−j,α + aˆSˆ
+
j,α
)
, (S2)
where ∆c characterizes the relative detuning of the cavity field
from the atomic transition and we have introduced an addi-
tional spatial dependence j for the atom-light coupling. In
principle there may be additional single-particle terms ∝ σˆzi
describing inhomogeneities of the atomic transition frequen-
cies. However, we ignore this in the following and men-
tion it only to point out that any detrimental effects of such
broadening-type terms may in principle be removed in the ex-
periment by spin-echo. The Lindblad term
Lc[ρˆ] = κ
2
(
2aˆρˆaˆ† − aˆ†aˆρˆ− ρˆaˆ†aˆ) . (S3)
describes photon loss from the cavity with power decay rate
κ.
Operating in the bad cavity limit κ  γ and assuming that
cavity loss occurs at a much faster rate than the atomic dy-
namics, κ  g, we may adiabatically eliminate the cavity
mode. This leads to a slaving of the cavity field to the atomic
coherence,
aˆ(t) ≡ 2
2∆c + iκ
∑
j,α
gj,αSˆ
−
j,α. (S4)
In turn this simplifies the model of Eq. (S1) to a master equa-
tion for the reduced density matrix ρˆs of the spins,
dρˆs
dt
= − i
~
[
Hˆeff , ρˆs
]
+ Lˆ[ρˆs], (S5)
Here, the effective Hamiltonian is
Hˆeff = ~
∑
j,l,α,β
χj,α,l,βSˆ
+
j,αSˆ
−
l,β , (S6)
where χj,α,l,β ≡ 4gj,αgl,β∆c/(4∆2c + κ2) is the strength of
the elastic interaction. This is accompanied by a dissipative
contribution which describes collective emission into the cav-
ity mode,
Lˆ[ρˆs] =
∑
j,l,α,β
√
Γj,αΓl,β
2
(
2Sˆ−j,αρˆsSˆ
+
l,β
−Sˆ+j,αSˆ−l,β ρˆs − ρˆsSˆ+j,αSˆ−l,β
)
(S7)
where Γj,α = 4g2j,ακ/(4∆
2
c + κ).
Throughout the main text we assume the atom-light cou-
pling is spatially uniform, gj,α ≡ gα, which requires that
the wavelength of the standing wave lattice and cavity field
are commensurate. This assumption allows the simplifica-
tion χj,α,l,β = χα,β and Γj,α = Γα. In the case of the
OAT scheme, where only one internal degree of freedom
(mF state) is involved, the Hamiltonian is then simplified to
Hˆeff ≡ χSˆ+Sˆ− and the Lindblad jump operator becomes
LˆΓ ≡
√
Γ/2Sˆ−, for χ ≡ χα,α and Γ ≡ Γα. On the
other hand, as the TSS scheme involves a pair of internal
states it requires an additional assumption. To achieve a uni-
form coupling, with respect to the internal degrees of freedom,
we require that the atomic ensembles realizing the collective
spins occupy a symmetric pair of hyperfine states such that
mF = ±m.
II. OPTIMAL SPIN SQUEEZING IN THE OAT AND TSS
SCHEMES
In this section we outline some analytic results describing
the achievable spin-squeezing in the OAT and TSS schemes in
the presence of both collective and single-particle dissipation.
A. Exact solution of one-axis twisting
The dynamics of a single coherent spin state under Hˆ =
χSˆ+Sˆ− can be solved analytically, by noting that we can
rewrite the Hamiltonian as Hˆ ≡ Sˆ2 − Sˆ2z + Sˆz . Ignoring the
single-particle rotation, and using that Sˆ2 commutes with the
2one-axis twisting term, we have the simpler Hamiltonian one-
axis twisting Hamiltonian HˆOAT = χSˆ2z . Dynamics under
this Hamiltonian is exactly solvable, and the particular case of
spin squeezing is covered extensively in the literature. We re-
fer the interested reader to Refs. [S10, S26, S27] in particular.
In this section, we simply present the relevant results for the
case of ideal OAT in the absence of any decoherence.
We begin with the minimal (maximal) quadrature variance
V− ≡ minψ[〈(δSˆψ)2〉] (V+ ≡ maxψ[〈(δSˆψ)2〉]), which is
given by
V± =
1
2
[
C(t)±
√
A(t)2 + B(t)2
]
, (S8)
where
A(t) ≡ 〈
(
δSˆy
)2
−
(
δSˆz
)2
〉, (S9)
B(t) ≡ 〈SˆySˆz + SˆzSˆy〉, (S10)
C(t) ≡ 〈
(
δSˆy
)2
〉+ 〈
(
δSˆz
)2
〉. (S11)
Here, the relevant correlations are given by [S10],
〈
(
δSˆy
)2
〉 = S
2
+
S
2
(
S − 1
2
)[
1− cos2S−2(2τ)] , (S12)
〈
(
δSˆz
)2
〉 = S
2
, 〈SˆySˆz + SˆzSˆy〉 = 2S
(
S − 1
2
)
sin(τ)cos2S−2(τ). (S13)
for τ = χt and S = N/2. Defining ν = (1/2)arctan(B/A),
the maximum variance is for ψ = ν and the minimum vari-
ance when ψ = pi/2 − ν. For S  1 decay of the effec-
tive spin length can be ignored, e.g, |〈~S〉| ≡ |〈Sˆx〉| ≈ S,
the time evolution of the squeezing parameter is given by
ξ2 ≈ V−/(S/2).
A more insightful expression for the squeezing can be ob-
tained by expanding Eqs. (S9)-(S11) perturbatively in the
small parameter β = Sτ2  1. Although this analysis
has been presented previously in the literature, (see, e.g.,
Ref. [S28]), for clarity of our later calculations dealing with
TSS and decoherence, we outline the essential approach here.
First, to O(β3) we obtain
A ≈ S
2
2
(
4β − 8β2 + 32
3
β3
)
, (S14)
C ≈ S + S
2
2
(
4β − 8β2 + 32
3
β3
)
, (S15)
whilst B ≈ 2S2τe−β and thus
B2 ≈ 4S3β (1− 2β + 2β2) . (S16)
Here, we have used that cos(τ) ≈ e−τ2/2 for τ  1. Also, for
each expression we have taken the leading order contribution
in S for each coefficient of βn.
We proceed by calculating the product of the squeezing and
anti-squeezed quadratures,
V+V− ≡ 1
4
[
(C +A) (C − A)− B2] , (S17)
≈ S
2
4
[
1 +
8
3
Sβ3
]
. (S18)
Next, we obtain an approximation expression for V+ to lead-
ing order in β by assuming that for S2τ > 1 we have A > B
and thus we approximate
√A2 + B2 ≈ A. This leads to
V+ =
1
4
[C +A] , (S19)
≈ 2S2β. (S20)
Here we have assumed 2S2β  S (valid as we assume this
quadrature is highly anti-squeezed with respect to the initial
state).
It is then straightforward to obtain the squeezing parameter
by the relation
ξ2OAT =
V+V−
V+
2
S
≈ 1
2Nβ
+
2
3
β2. (S21)
The first term of this expression describes the squeezing of the
state, whilst the second term describes a correction due to the
state becoming non-Gaussian (i.e. ‘oversqueezing’). In the
case of OAT this correction occurs as the squeezed distribution
begins to probe the curvature of the Bloch sphere.
The optimal squeezing as a function of system size N can
be found by minimizing Eq. (S21) with respect to the evolu-
tion time, yielding
ξ2r ≈ (9/8)1/3N−2/3 (S22)
for τopt = 31/6N−2/3.
B. Semi-classical treatment of two-spin squeezing
In this section we present an analytic treatment of two-spin
squeezing using a semi-classical approximation of the dynam-
ics. In particular, we solve the quantum dynamics using the
truncated Wigner approximation, which allows us to take into
account the non-collective effects of the TSS Hamiltonian.
3The resulting expression allows us to rigorously quantify and
understand the effects of the non-collective terms, and we find
they have limited consequences for the squeezing dynamics,
justifying our discussion in the main text.
For simplicity, our solution considers the dynamics of the
system in the frame of the initial back-to-back state prepared
along ±xˆ, |ψ0〉 ≡ |N/4〉x⊗ |−N/4〉x, with the Hamiltonian
given by Hˆ = χSˆ+Sˆ−. Here, we remind the reader that the
operators should be interpreted as Sˆα ≡ Sˆα1 + Sˆα2 where the
subscript denotes the individual collective spins.
Solving the dynamics according to the truncated Wigner
approximation consists of two steps. First, introducing the c-
number variables Sα ≡ 〈Sˆα〉, we analytically solve the mean-
field equations of motion for the system. Second, we obtain
the appropriate symmetrically-ordered quantum expectation
values by averaging over initial conditions with respect to the
Wigner quasi-probability distribution W (Sx, Sy, Sz) [S29].
For example,
〈Sˆy(t)Sˆz(t) + Sˆz(t)Sˆy(t)〉
≡ 2
∫
dSxdSydSz W (Sx, Sy, Sz)Sy(t)Sz(t). (S23)
For the back-to-back state under consideration the Wigner
function factorizes in terms of the constituent collective spins,
W (Sx, Sy, Sz) ≡W+(Sx1 , Sy1 , Sz1 )W−(Sx2 , Sy2 , Sz2 ) (S24)
where
W±(Sxi , S
y
i , S
z
i ) =
2
piN
δ
(
Sxi ±
N
4
)
e−
2
N [(S
y
i )
2+(Szi )
2].
(S25)
We begin with the relevant equations of motion for the c-
number variables:
dS+1
dt
= −i2χ (S+1 + S+2 )Sz1 , (S26)
dS+2
dt
= −i2χ (S+1 + S+2 )Sz2 , (S27)
dSz1
dt
= −iχ (S+1 S−2 − S−1 S+2 ) , (S28)
dSz2
dt
= iχ
(
S+1 S
−
2 − S−1 S+2
)
. (S29)
The equations are most easily solved by the introduction of
sum and difference variables, Sα ≡ Sα1 + Sα2 and ∆α ≡
Sα1 − Sα2 . As the total magnetization is conserved, Sz(t) ≡
Sz(0), a solution for the atomic coherence is straightforward
and we obtain S+(t) = S+(0)e−2iSz(0)τ . The solution for
the magnetization difference ∆z(t) is more sophisticated, but
essentially reduces to the solution of a second-order differ-
ential equation of the form ∆¨z = a + b∆z , where a and b
are functions of the initial conditions. Exact solution of the
differential equation is straightforward, but we do not present
the resulting expression for ∆z(t) here as it is lengthy and not
insightful.
With the analytic expressions of S+(t) and ∆z(t) in hand,
we proceed by obtaining perturbative expressions for the
quantities
A(t) ≡ 〈
(
δSˆy
)2
−
(
δ∆ˆz
)2
〉 (S30)
B(t) ≡ 〈Sˆy∆ˆz + ∆ˆzSˆy〉 (S31)
C(t) ≡ 〈
(
δSˆy
)2
〉+ 〈
(
δ∆ˆz
)2
〉. (S32)
as per the OAT treatment of the prior subsection. Here, we
have substituted Sˆz → ∆ˆz as the relevant quantity in the
frame of the back-to-back spins, i.e. before squeezing is mea-
sured in the final frame where one of the ensembles is rotated
by a pi-pulse about yˆ.
After expansion of Eqs. (S30)-(S32) to O(β3) in the small
parameter β = Sτ2  1 and following the procedure of the
previous section identically, we obtain a perturbative expres-
sion for the squeezing parameter,
ξ2TSS ≈
1
2Nβ
+
14
9
β2. (S33)
Here, the key result is that the term O(β2), which describes
the onset of non-gaussian corrections to the distribution, has
an enhanced prefactor relative to OAT. This indicates that the
non-collective terms become relevant when the squeezed dis-
tribution begins to probe the curvature of the Bloch sphere,
and thus leads to the minimum squeezing occuring slightly
earlier. Such an effect is consistent with the simplistic argu-
ment of the main text, which emphasizes that the contribution
of the non-collective terms should be small at short times (i.e.,
the time-scale of the squeezing dynamics), as the initial state
is an eigenstate of Sˆx with 〈Sˆx〉 = 0.
Quantitatively, we find these corrections lead to a minor de-
crease in the optimal squeezing time τopt = (32/7)1/6N−2/3,
and the optimal squeezing is
ξ2TSS,opt ≈
211/3
2N2/3
. (S34)
Thus, squeezing is merely reduced by approximately 1.2 dB
relative to OAT.
Our analytic results are confirmed by full numerical cal-
culations, presented in Fig. SS1. In particular, the perturba-
tive expression is validated by TWA calculations for large N ,
whilst the prediction of TSS following OAT scaling up to a
small prefactor correction is consistent with a solution of the
dynamics using exact diagonalization for small system sizes
N ≤ 1000 and truncating the relevant Hilbert space. This
truncated exact solution is based on solving the problem in the
rotated frame, ˆ˜H = χ(Sˆx1 − Sˆx2 )2 + χ(Sˆy1 + Sˆy2 )2. Here, the
initial state is a collective spin in the fully symmetric manifold
S = N/2. However, the non-collective term of ˆ˜H can lead to
population of other Dicke manifolds S = N/2− 1, ...0. Nev-
ertheless, as the dynamics in the rotated frame is predominatly
driven by the fully collective term Sˆ2y at short times, then in
principle only a few manifolds S = N/2, N/2−1, ...N/2−n
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FIG. S1. Scaling of ideal OAT and TSS squeezing with system size
N . (Main) Comparison of analytic expressions for OAT [Eq. (S22),
faded blue line] and TSS [Eq. (S34), faded red line], with those ob-
tained by full numerical solution using TWA (OAT - blue circles,
TSS - red squares). (Inset) Comparison of OAT (blue) and TSS (red)
from exact diagonalization (see text for discussion of truncation in
TSS solution). Squeezing is different only by an approximately un-
changed shift of∼ 1 dB across the range of N calculated, consistent
with analytic predictions of Eqs. (S22) and (S34).
for n N/2 will be relevant, which allows us to truncate the
Hilbert space. Indeed generically n = 4 is sufficient for the
systems considered. This truncation reduces the numerical
complexity of the problem from simulating a Hilbert space of
(N/2 + 1)2 to ∼ (N + 1)n/2
The calculations presented in Fig. SS1 fully justify our
physical discussion of TSS in the main text, based on the sim-
plified Hamiltonian Hˆ ≈ χSˆ2y .
III. EFFECTS OF COLLECTIVE EMISSION
In this section, we expand on the idealized results of the
previous section and include the effects of collective emission,
described by the Lindblad jump operator LˆΓ ≡
√
Γ/2Sˆ−,
which is intrinsically present in the cavity-QED realization of
both OAT and TSS schemes using the optical clock transition.
A. One-axis twisting with collective emission
Our treatment of collective emission for the OAT scheme
follows that presented in Ref. [S21]. For clarity, we summa-
rize the approach and relevant approximations here.
Collective emission does not distinguish between atoms,
and preserves the total spin quantum number S. For the
case of a coherent spin state with maximum initial coher-
ence, the leakage of a photon from the cavity induces a vari-
ance in the atomic spin distribution of the form 〈(δSˆz)2〉 =
(N/2)tanh(NΓt/2)[1− tanh(NΓt/2)] [S30]. For weak de-
coherence, NΓt  1, we assume that the dissipative dynam-
ics can be treated independently of the one-axis twisting dy-
namics and that additional fluctuations generated by collective
emission can be added in quadrature to the squeezed state.
Under this approximation, and further noting that the
squeezed quadrature V− is approximately aligned along Sz
(ψ → pi/2 for N  1), the perturbative expression for the
squeezing parameter is then modified,
ξ2OAT,Γ ≈
1
2Nβ
+
2
3
β2 +NΓt. (S35)
For Γ 6= 0 the squeezing rapidly becomes limited by the
dissipative contribution. The optimal squeezing time can
then be obtained by minimizing 1/(2Nβ) + NΓt, yielding
topt ≈ [2/(N3χ2Γ)]1/3 and the best achievable squeezing
ξ2OAT
∣∣
Γ,χ
≈ 2
32/3
(
Γ
χ
)2/3
, (S36)
which is independent of atom number N .
B. Two-spin squeezing with collective emission
Establishing an analytic model to describe TSS in the pres-
ence of collective emission is a more difficult task. For sim-
plicity, in this section we consider the dynamics of the sys-
tem in the rotated frame, where the Hamiltonian and Lindblad
term become
ˆ˜H ≈ χ(Sˆx1 − Sˆx2 )2 + χ(Sˆy1 + Sˆy2 )2, (S37)
ˆ˜L ≡
√
Γ/2(Sˆx1 − Sˆx2 )− i
√
Γ/2(Sˆy1 + Sˆ
y
2 ), (S38)
respectively, and the initial state is |ψ0〉 ≡ |N/4〉x ⊗ |N/4〉x.
The result Eq. (5) of the main text is obtained by making
a pair of approximations with respect to the Hamiltonian and
Lindblad terms. First, we assume that the squeezing gener-
ated by TSS is well captured by the simplified Hamiltonian
ˆ˜H ≈ χSˆ2y . This approximation is well supported by the re-
sults of Sec. II. Secondly, we assume that the Linblad term
can be similarly simplified to ˆ˜L ≈ √Γ/2Sˆy . This second
assumption is justified by numerical simulations of systems
up to N ∼ 1000, examples of which are shown in Fig. SS2,
together with qualitative physical arguments discussed below.
Under these approximations, the problem reduces to that
of one-axis twisting with collective dephasing. This model is
tractable as the dephasing commutes with the Hamiltonian dy-
namics and has been solved analytically in Ref. [S28]. A per-
turbative expression for the squeezing parameter is obtained
identically to Sec. II,
ξ2 ≈ 1 + ΓNt
2Nβ′
+
2
3
β′2, (S39)
where β′ ≡ β + Γt/2. In the main text we assume that
(Γ/χ)τ  Sτ2, such that β′ ≈ β and
ξ2TSS,Γ ≈
1 + ΓNt
2Nβ
+
14
9
β2. (S40)
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FIG. S2. Comparison of squeezing calculated with: complete ˆ˜H
and ˆ˜L (blue data, see text for details), complete ˆ˜H and approximate
ˆ˜L ≈ √Γ/2Sˆy (dashed red data), and approximate ˆ˜H ≈ χS2y and
ˆ˜L ≈√Γ/2Sˆy (green data). (Inset) Optimal squeezing as a function
of dissipation strength Γ/χ (lines as previous). For Γ/χ . 1 the
predominant correction to the squeezing dynamics is from the non-
collective term in the Hamiltonian ˆ˜H , whilst ˆ˜L ≈ √Γ/2Sˆy is an
excellent approximation of the dissipation. All calculations are for
N = 1000.
Here, and in the main text, we artificialy alter the prefactor
of the term ∝ β2, from 2/3 to 14/9, as a crude correction
to better include the effect of the non-collective terms of the
Hamiltonian (although this does not change any physics quali-
tatively). As discussed in the main text, the fact that squeezing
becomes predominantly limited only by non-Gaussian correc-
tions means that the best achievable squeezing is given by
ξ2TSS
∣∣
Γ,χ
≈ 21
1/3
2N2/3
+
71/6Γ
31/3χN1/3
, (S41)
which asymptotically scales as N−1/3 for large N .
Equation (S40) is also consistent with a far more crude
treatment of the decoherence, which more clearly illuminates
the difference between the OAT and TSS protocols. Follow-
ing a similar procedure to the OAT case, we can consider the
effects of the collective decoherence as an independent and
perturbative correction to the squeezing expression. In partic-
ular, for Γt  N−1/2 the dominant dissipative contribution
from Lˆ =
√
Γ/2(Sˆx1 − Sˆx2 )− i
√
Γ/2(Sˆy1 + Sˆ
y
2 ) is additional
noise along Sˆz , 〈(δSˆz)2〉 ≈ N2Γt. However, as discussed in
the main text, as TSS leads to a phase-squeezed state with V−
aligned closely to yˆ this implies that, unlike OAT, the excess
noise from collective dissipation contributes predominantly to
the anti-squeezed quadrature. However, as the squeezing an-
gle is not quite zero, the squeezed quadrature still admits some
small component of the dissipative noise. In particular, adding
the dissipative noise in quadrature to V− leads to
ξ2TSS,Γ ≈
1 + ΓNt
2Nβ
+
14
9
β2, (S42)
where the prefactor 1/(2Nβ) ≈ sin2(ψ) of the dissipative
contribution corresponds to the degree which the excess noise
is suppressed by the small squeezing angle when added in
quadrature. In the limit (Γ/χ)τ  Sτ2 Eqs. (S42) and (S40)
become identical, indicating that this crude model captures the
essential physics of TSS in the presence of collective emis-
sion.
IV. SINGLE-PARTICLE DISSIPATION
In the main text we present a series of approximate analytic
results pertaining to the squeezing which may be experimen-
tally achieved in the presence of single particle decoherence.
Specifically, we focus on the impact of single particle emis-
sion type processes (describing, e.g., spontaneous emission or
Raman scattering) and dephasing (describing, e.g., Rayleigh
scattering or dephasing due to background collisions and stray
fields), with single particle jump operators Lˆsj =
√
γs/2σˆ
−
j
and Lˆelj =
√
γel/8σˆ
z
j respectively. In this section we present
the derivation of these results in more detail.
The expressions we derive are crucially based on the fact
that the relative strength of the elastic [χ = 4g2∆c/(4∆2c+κ)]
and dissipative [Γ = 4g2κ/(4∆2c + κ)] interactions are con-
trollable via the detuning ∆c of the cavity field from the reso-
nance with the atomic transition. To simplify the expressions
in the following we assume that the cavity is operated in the
limit ∆c  κ (χ Γ) and thus we simplify χ ≈ g2/∆c and
Γ ≈ g2κ/∆2c .
A. One-axis twisting
1. Spontaneous emission
To gain insight into the effects of single particle emission,
Lˆsj =
√
γs/2σˆ
−
j , on OAT we treat it as an independent (i.e.,
at the single-particle level) perturbative process on top of the
squeezing. This result is presented in Hu et. al. Ref. [S21],
though we include it here for completeness. In more de-
tail, the emission is considered as a binomial random pro-
cess that destroys the coherence between atoms in the en-
semble. For an initial coherent spin state along Sx, after a
duration t an average of δN ≈ N(1 − e−γst)/2 atoms are
transferred from the single-particle state | ↑〉 to | ↓〉. This
consequently leads to an increase in the variance of the spin
distribution 〈(δSˆz)2〉 ≡ 〈(δSˆz)2〉sq +Ne−γst(1− e−γst)/2,
where the subscript indicates the quadrature variance obtained
from solely squeezing dynamics.
In the case of OAT, incorporating the effects of both single-
particle and collective decoherence into Eq. (S21) in a similar
manner to Eq. (S35) leads to the approximate expression
ξ2OAT,γs ≈
1
2Nβ
+NΓt+ 2γst. (S43)
6Here, we have ignored the term ∝ β2 which describes the
effects of the curved Bloch sphere as small in comparison to
γst and NΓt.
The contribution due to collective emission can in principle
be removed by detuning the cavity sufficiently far from reso-
nance, Γ/χ = κ/∆c → 0 for ∆c  κ. However, this would
lead to a decrease in magnitude of χ ∝ 1/∆c and thus to a
long time-scale for the one-axis twisting dynamics. Under this
condition the system becomes highly vulnerable to other sin-
gle particle noise sources, specifically spontaneous emission
in this example, that would limit any achievable squeezing.
To account for both collective and single-particle dissipation
on an equal footing, one can instead optimise Eq. (S43) with
respect to both the optimal squeezing time and the cavity de-
tuning, instead of keeping a fixed Γ/χ as in the discussion of
the previous sections. The cavity detuning is indeed a readily
tunable parameter in the experiment.
Equation (S43) is then minimized with respect to the
squeezing duration topt and cavity detuning ∆optc , to obtain
ξ2OAT
∣∣
γs
≈ 6 (Nηs)−1/3 , (S44)
for
topt = γs (ηsN)
−1/3
, ∆optc = ±
κ
2
√
ηsN
2
, (S45)
where we define ηs = 4g2/(κγs) ≡ η(γ/γs) as an effective
single-atom co-operativity. From the optimal parameters we
identify that (NΓt)opt = (2γst)opt, i.e., the cavity detuning
is adjusted to minimize the collectively enhanced contribution
NΓ until it is of the same order as single-particle dissipation
γs.
2. Single-particle dephasing
For the case of single-particle dephasing, Lˆelj =
√
γel/8σˆ
z
j ,
our treatment is based on the exact solution of OAT dynam-
ics in the presence of single-particle decoherence outlined in
Refs. [S26, S27].
First, we obtain the transformed correlation functions
Ael(t) = e−γeltA(t),
Bel(t) = e−γelt/2B(t),
Cel(t) = e−γeltC(t) + (1− e−γelt)S.
Moreover, if we ignore decay due to the shearing dynamics
(valid for N  1) we find that the effective spin length is
||〈~S〉|| = ||〈Sˆx(0)〉||e−γelt.
If we restrict dissipation to single-particle dephasing mo-
mentarily, the perturbative expression for the squeezing pa-
rameter can then be obtained similar to previous sections.
Specifically, to appropriate order in β  1 we find
V+V− ≈ S
2
4
+
2
3
e−γeltS3β3, (S46)
V+ ≈ 2S2βe−γelt. (S47)
Including the dissipative decay of the spin length, the squeez-
ing parameter is then
ξ2OAT,γel ≈
e2γelt
2Nβ
+
2
3
eγeltβ2. (S48)
As previously, collective emission is incorporated as an in-
dependent perturbation to this expression Eq. (S48), which
leads to
ξ2OAT,γel ≈
e2γelt
2Nβ
+ eγeltNΓt, (S49)
where we remind the reader that we have assumed ΓNt 1.
We ignore the contribution ∝ β2 in this case as the squeez-
ing is predominantly limited by dissipative noise much earlier
than non-Gaussian effects. For γelt  1 the perturbative ex-
pression can be furthered simplified to
ξ2OAT,γel ≈
1 + 2γelt
2Nβ
+ ΓNt. (S50)
The suppression of dephasing in the final expression by the
term ∝ 2Nβ illuminates that single-particle dephasing is far
less detrimental to the squeezing when contrasted with collec-
tive or even single-particle emission. This is readily under-
stood by noting that the dephasing commutes with the Hamil-
tonian.
The best achievable squeezing is again obtained by optimis-
ing the cavity detuning to minimize the collective term ΓNt,
whilst balancing against the excess noise due to dephasing at
long times. Rigorously optimising Eq. (S49) in this manner
is difficult. However, we can gain useful insight by assum-
ing that the squeezing time is essentially insensitive to the de-
phasing and so follows the result for solely collective emission
[i.e., Eq. (S36) and surrounding text]. We have checked this
approximation with numerical calculations and find that it is
reasonable for the regime of γelt . 1 considered.
This approximation imposes that the dependence of
the squeezing time on the cavity detuning is topt ≈
[2∆4c/(g
6κN3)]1/3. It remains that we must optimize the
squeezing with respect to the detuning ∆c, equivalent to solv-
ing
0 =
d
d∆
2/3
c
 e2γelC∆4/3c(
g2NC∆
1/3
c
)2 + eγelC∆4/3c Ng2κC
∆
2/3
c

= eCγel∆
4/3
c
(
eCγel∆
4/3
c + 2
)(
2Cγel∆
4/3
c − 1
)
,(S51)
where we defined C = [2/(g6κN3)]1/3 for brevity. For
Cγel∆
4/3
c  1 (which is checked from the subsequent so-
lution for ∆c) we expand the exponentials to O(Cγel∆4/3c )
to solve for the optimal detuning, thus finally obtaining
ξ2OAT
∣∣
γel
≈
√
4(41 + 13
√
10)
3ηelN
≈
√
110
ηelN
, (S52)
7for
topt =
√
10− 1
6γel
, (S53)
∆optc =
κ
2
[(√
10− 1) ηN
12
]3/4
. (S54)
Here, the optimal squeezing time is fixed and weakly satisfies
the requirement γelt . 1.
B. Two-spin squeezing
1. Spontaneous emission
Our treatment of TSS with single-particle spontaneous
emission is based again on a semi-classical treatment of the
dynamics, using the truncated Wigner approximation. Here,
we consider the dynamics in the frame of the back-to-back
spins but approximate the Hamiltonian to the simpler form
Hˆ ≈ χSˆ2y . Whilst dissipation will inevitably introduce fluc-
tuations in Sˆx and degrade the validity of this assumption, it
will capture the essential physics for weak emission γst 1.
Whilst the spontaneous emission is a single-particle pro-
cess, we can approximately take it into account at the level
of the collective spin variables. Specifically, we take the
Lindblad form of the Heisenberg equations for single-particle
emission. Summing over the single-particle equations and
taking the mean-field approximation (see Sec. II B) yields col-
lective corrections to the TSS dynamics, resulting in the rele-
vant equations:
dSx
dt
= 2χSySz − γs
2
Sx, (S55)
dSz
dt
= −2χSySx − γs
2
(
Sz +
N
2
)
, (S56)
dSy
dt
= −γs
2
Sy, (S57)
d∆x
dt
= 2χSy∆z − γs
2
∆x, (S58)
d∆z
dt
= −2χSy∆x − γs
2
∆z. (S59)
Here, the difference variables are defined as previous, ∆α =
Sα1 −Sα2 . We proceed according to the TWA method by solv-
ing the equations of motion for each variable and evaluating
the relevant stochastic averages analytically.
We proceed by first independently solving Eq. (S57) for
Sy(t) ≡ Sy(0)e−γst/2. Solution of the remaining system of
equations is simplified by assuming that for weak decoherence
γst  1 we can substitute Sy(t) ≈ Sy(0) in the equations of
motion. This approximation can be checked by comparing the
final perturbative expression for squeezing to numerical solu-
tion of the full equations, for which we find good agreement.
Essentially this approximation ignores secondary corrections
to the shearing dynamics by dissipative decay of Sy . The re-
maining equations can then be solved exactly to obtain the
relevant correlations:
〈(δ∆z)2〉 = S
4
e−γste−4Sχ
2t2
×
[
1− 2S + (1 + 2S)e4Sχ2t2
]
, (S60)
〈Sy∆z〉 = −S2χte−γste−Sχ2t2 ,
〈(δSy)2〉 = S
2
e−γst. (S61)
The last expression for 〈(δSy)2〉 is inconsistent physically and
is an artefact of the approximate treatement of single-particle
decoherence with our TWA approach. Physically, the variance
along yˆ is conserved throughout the evolution and must re-
main 〈(δSy)2〉 = S/2 if treated correctly at the single-particle
level [i.e., it is a property that for Pauli matrices (σˆαi )
2 = 1].
Hence we enforce strictly that 〈(δSy)2〉 = S/2 in the fol-
lowing calculation. The dependence on γ of the remaining
expressions 〈(δ∆z)2〉 and 〈Sy∆z〉 essentially captures the ef-
fects of the dissipation at the single-body level, i.e., at the
leading order dissipation can be treated independently from
the many-body dynamics and simply added as an additional
exponential decay of the correlations.
We proceed to calculate the perturbative squeezing expres-
sion as previously done, i.e., in terms of perturbative expan-
sions for A, B, C for the small parameter β = Sτ2 after sub-
stitution of the relevant correlation functions. Following this
recipe, the squeezing parameter is obtained:
ξ2TSS,γs ≈
1
2Nβ
+
2
3
β2
+γst
(
1− 1
2Nβ
− 2β + 4
3
β2
)
,
≈ 1
2Nβ
+ γst, (S62)
where the final expression encapsulates the effects of single-
particle emission to lowest order. Here, whilst γst 1 we as-
sume γst > β2, such that the decoherence is the limitation for
achievable squeezing (i.e. added noise degrades squeezing be-
fore the non-Gaussian corrections to the distribution become
relevant).
To obtain an expression for the squeezing taking into ac-
count both single-particle and collective emission, we note
that the contribution of spontaneous emission is essentially at
the single-body level in the above treatment. We thus assume
that the correction γst can be similarly added to the squeez-
ing expression Eq. (S40) which takes into account collective
decoherence. This leads to the approximate expression
ξ2TSS,Γ,γs ≈
1 + ΓNt
2Nβ
+ γst. (S63)
Optimisation of Eq. (S63) with respect to both time and cavity
detuning yields
ξ2TSS|γs ≈
√
6γsκ
g2N
≡
√
24
Nηs
, (S64)
8for
topt =
2
γs
√
2
3ηsN
, (S65)
∆optc = κ
(
ηsN
18
)1/4
, (S66)
where we have defined the effective co-operativity ηs =
4g2/(κγs) as before.
2. Single-particle dephasing
We treat TSS with single-particle dephasing using a semi-
classical treatment similar to that presented above. As such,
we simply present the resulting expressions here.
The perturbative expression for the squeezing parameter,
when we include only the effects of single-particle dephasing
is given by
ξ2TSS,γel ≈
1
2Nβ
+ γelt, (S67)
for γelt 1.
For similar reasons, we can combine the result Eq. (S67)
with collective emission in a manner identical to the previous
subsection, resulting in the a final expression for squeezing:
ξ2TSS,Γ,γel ≈
1 + ΓNt
2Nβ
+ γelt. (S68)
Subsequent optimisation of Eq. (S68) with respect to both
time and cavity detuning yields
ξ2TSS|γel ≈
√
6γelκ
g2N
≡
√
24
Nηel
, (S69)
for
topt =
2
γel
√
2
3ηelN
, (S70)
∆optc = κ
(
ηelN
18
)1/4
, (S71)
where we have again used the effective co-operativity ηel =
4g2/(κγel).
For completeness, in Fig. S3 we compare the various an-
alytic scaling relations for both OAT and TSS. Cavity pa-
rameters for dark lines are taken from state-of-the-art optical
atomic clock and CQED experiments [S20, S31]: η = 0.41,
κ/(2pi) = 145 kHz, γs/(2pi) = 0.1 Hz and γel/(2pi) =
0.1 Hz. We also plot the fundamental bound on scaling when
single-particle decoherence due to experimental imperfection
can be ignored and thus squeezing is limited only by the
linewidth of the 87Sr clock transition γs/(2pi) ≡ γ/(2pi) =
1 mHz. In the former case, we predict TSS can produce on
the order of ∼ 6 dB of squeezing below the standard quan-
tum limit whilst OAT only produces ∼ 1 dB, both calculated
with current state-of-the-art parameters and N ∼ 105. On the
other hand, when the squeezing is limited only by fundamen-
tal noise sources we predict ∼ 16 dB for TSS compared to
only ∼ 8 dB for OAT.
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FIG. S3. Comparison of optimized squeezing bounds for OAT (blue
data) and TSS (red data). Cavity parameters for dark lines are: η =
0.41, κ/(2pi) = 145 kHz, γs/(2pi) = 0.1 Hz and γel/(2pi) =
0.1 Hz. Faded lines indicate the fundamental limits for OAT and TSS
taking into account only the linewidth of the 87Sr clock transition:
η = 0.41, κ/(2pi) = 145 kHz and γs/(2pi) ≡ γ/(2pi) = 1 mHz.
V. SENSITIVITY OF TWO-SPIN SQUEEZING TO
NUMBER FLUCTUATIONS
Throughout the above sections we have assumed an ide-
alized implementation of TSS. In particular, we have as-
sumed that the initial state can be accurately prepared |ψ0〉 ≡
|N/4〉x ⊗ | − N/4〉x. This assumption, that the initial state
is an eigenstate of Sˆx with 〈Sˆx〉 = 0, is important as fluctua-
tions in Sˆx can lead to a degradation of the achievable squeez-
ing. In the ideal case, the effect of such fluctuations is already
observed as a minor decrease in the optimal squeezing com-
pared to OAT [see Eq. (S33)]. An important question then is
how robust the TSS protocol is to number fluctuations in each
prepared atomic ensemble.
To answer this question, we consider an initial state still
composed of a pair of diametrically opposed collective spins,
but introduce independent random fluctuations of zero mean
and standard deviation σn in the initial atom number of each
ensemble (and thus fluctuations δN ≡ √2σn in the total atom
number). Such a state is characterized by the density matrix
ρˆ0 ≡
∫
dn1dn2 P (n1, n2)
∣∣∣N
4
+
n1
2
〉
⊗
∣∣∣− N
4
+
n2
2
〉〈N
4
+
n1
2
∣∣∣⊗ 〈− N
4
+
n2
2
∣∣∣, (S72)
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FIG. S4. Effects of number fluctuations on squeezing generated with
TSS. Markers indicate complete numerical calculation using TWA,
whilst faded lines are numerical minimization of perturbative expres-
sion Eq. (S73). We observe that ideal squeezing is preserved for
δN . N1/3. (Inset) Scaling of quantity sin2(ψsq) with number
fluctuations. This quantity corresponds to the prefactor suppressing
dissipative noise due to collective emission in the treatment of TSS in
Sec. (III B). We observe it remains at the ideal level for δN . N1/3,
indicating the state remains heavily phase-squeezed.
where P (n1, n2) = e−(n
2
1+n
2
2)/2σ
2
n/(2piσ2n).
The dynamics and squeezing of this initial state can again
be solved using a semi-classical treatment. Essentially, one
solves for the correlation functions as per the previous treat-
ment using the TWA for arbitrary n1 and n2, and then per-
forms a final averaging of the obtained expressions for the
correlations with respect to the number fluctations, which can
be evaluated analytically. A perturbative expression for the
squeezing is then obtained,
ξ2TSS,σn ≈
1
2Nβ
+
16σ2n
N
β +
14
9
β2. (S73)
The number fluctuations lead to non-Gaussian corrections
emerging at lower order, ∝ β, destroying squeezing much
earlier. From inspection of Eq. (S73) and comparison of
the terms, we argue that fluctuations become important when
σn ∼ N1/3. The reasoning for this is as follows: In
the absence of fluctuations, squeezing occurs on the time-
scale τ ∼ N−2/3, due to the emergence of the usual non-
Gaussian corrections (oversqueezing) described by the term
β2 in Eq. (S73). We thus claim that fluctuations in the atom
number will become important when σ2n/N ∼ β, i.e. the lat-
ter two terms in Eq. (S73) become comparable, which leads to
the estimate σn ∼ N1/3. For σn & N1/3 the term ∝ β2 can
then be disregarded in Eq. (S73), and the optimal squeezing
in the limit of ‘large fluctuations’ will then be given by
ξ2TSS|σn ≈
√
2σn
N
=
δN
N
. (S74)
where we introduce the fluctuation in total atom number
δN ≡ √2σn. We illustrate these arguments in Fig. (S4), us-
ing a full numerical TWA calculation, wherein we plot the
squeezing parameter as a function of total fluctuation in atom
number δN for N = 104, 105 and 106.
Having established that the squeezing generated by TSS
is reasonably robust to number fluctuations, a final question
is to investigate whether the protocols retains its robustic-
ity to collective emission. From a qualitiative perspective,
we conjecture that the protocol should remain robust for at
least σn . N1/3. This is based on the previous discussion,
which showed that TSS remains unaffected until fluctuations
reach this level. This implies that the state remains phase-
squeezed, and thus should retain its robusticity to collective
emission. We support this reasoning in the inset of Fig. S4,
by plotting the quantity sin2(ψsq), which corresponds to the
trigonometric factor suppressing the collective emission in the
crude treatment of dissipation in Sec. III B. We observe that
this quantity remains approximately unchanged from the ideal
(σn = 0) level for total number fluctuations δN . N1/3, con-
sistent with this reasoning.
To more rigorously justify this argument we use (truncated)
exact calculations for a small system N = 200, as shown in
Fig. S5. We observe that TSS remains robust to collective
emission for reasonable fluctuations δN . N1/3. In particu-
lar, we observe no large qualitative change in scaling with Γ as
fluctuations are introduced, consistent with our conjecture and
the results indicating the squeezing remains predominantly in
the phase-quadrature in the inset of Fig. S4. As such, we ar-
gue that the primary barrier for TSS in the presence of num-
ber fluctuations is the ability to generate squeezing (see prior
discussion) and that robusticity to collective emission is a sec-
ondary issue.
[S1] B. J. Bloom, T. L. Nicholson, J. R. Williams, S. L. Campbell,
M. Bishof, X. Zhang, W. Zhang, S. L. Bromley, and J. Ye,
Nature 506, 71 (2014).
[S2] S. L. Campbell, R. B. Hutson, G. E. Marti, A. Goban, N. Dark-
wah Oppong, R. L. McNally, L. Sonderhouse, J. M. Robinson,
W. Zhang, B. J. Bloom, and J. Ye, Science 358, 90 (2017).
[S3] A. D. Ludlow, M. M. Boyd, J. Ye, E. Peik, and P. O. Schmidt,
Rev. Mod. Phys. 87, 637 (2015).
[S4] C. Grebing, A. Al-Masoudi, S. Dörscher, S. Häfner,
V. Gerginov, S. Weyers, B. Lipphardt, F. Riehle, U. Sterr, and
C. Lisdat, Optica 3, 563 (2016).
[S5] J. Lodewyck, S. Bilicki, E. Bookjans, J.-L. Robyr, C. Shi,
G. Vallet, R. L. Targat, D. Nicolodi, Y. L. Coq, J. Guena,
M. Abgrall, P. Rosenbusch, and S. Bize, Metrologia 53, 1123
(2016).
[S6] T. Takano, M. Takamoto, I. Ushijima, N. Ohmae, T. Akatsuka,
A. Yamaguchi, Y. Kuroishi, H. Munekane, B. Miyahara, and
H. Katori, Nature Photonics 10, 662 (2016).
[S7] M. J. Martin, M. Bishof, M. D. Swallows, X. Zhang,
C. Benko, J. von Stecher, A. V. Gorshkov,
A. M. Rey, and J. Ye, Science 341, 632 (2013),
http://science.sciencemag.org/content/341/6146/632.full.pdf.
[S8] D. J. Wineland, J. J. Bollinger, W. M. Itano, F. L. Moore, and
D. J. Heinzen, Phys. Rev. A 46, R6797 (1992).
10
10
-1
10
0
10
1
-14
-12
-10
-8
-6
-4
-2
0 0.1 0.2 0.3 0.4 0.5
-14
-12
-10
-8
-6
-4
FIG. S5. Effects of number fluctuations on robustness of TSS to
collective emission. Results are for N = 200 using a (truncated)
exact numerical calculation. (Top) Scaling of squeezing with num-
ber fluctuatons δN for fixed dissipation strength Γ. The TSS pro-
tocol remains at the ideal (δN = 0) level until a crossover at
δN ∼ N1/3. For this system size, TSS remains superior to OAT un-
til δN  N1/3, with the dominant limitation being the fundamental
loss of squeezing generated by TSS rather than increased sensitivity
to emission. (Bottom) Scaling of squeezing with dissipation strength
Γ. The robusticity and scaling of TSS remains close to the ideal
δN = 0 level for reasonable fluctuations, δN ∼ N1/3. We also
compare to the scaling of OAT for clarity.
[S9] D. F. Walls, Nature 306, 141 (1983).
[S10] M. Kitagawa and M. Ueda, Phys. Rev. A 47, 5138 (1993).
[S11] J. Appel, P. J. Windpassinger, D. Oblak, U. B. Hoff, N. Kjær-
gaard, and E. S. Polzik, PNAS 106, 10960 (2009), 8332[PII].
[S12] M. H. Schleier-Smith, I. D. Leroux, and V. Vuletic´, Phys. Rev.
Lett. 104, 073604 (2010).
[S13] Z. Chen, J. G. Bohnet, S. R. Sankar, J. Dai, and J. K. Thomp-
son, Phys. Rev. Lett. 106, 133601 (2011).
[S14] J. G. Bohnet, K. C. Cox, M. A. Norcia, J. M. Weiner, Z. Chen,
and J. K. Thompson, Nature Photonics 8, 731 (2014), article.
[S15] K. C. Cox, G. P. Greve, J. M. Weiner, and J. K. Thompson,
Phys. Rev. Lett. 116, 093602 (2016).
[S16] O. Hosten, N. J. Engelsen, R. Krishnakumar, and M. A. Ka-
sevich, Nature 529, 505 (2016).
[S17] I. D. Leroux, M. H. Schleier-Smith, and V. Vuletic´, Phys. Rev.
Lett. 104, 073602 (2010).
[S18] O. Hosten, R. Krishnakumar, N. J. Engelsen, and M. A. Ka-
sevich, Science 352, 1552 (2016).
[S19] C. Gross, T. Zibold, E. Nicklas, J. Estève, and M. K.
Oberthaler, Nature 464, 1165 (2010).
[S20] M. A. Norcia, R. J. Lewis-Swan, J. R. K. Cline, B. Zhu,
A. M. Rey, and J. K. Thompson, “Cavity mediated collective
spin exchange interactions in a strontium superradiant laser,”
(2017), arXiv:1711.03673.
[S21] J. Hu, W. Chen, Z. Vendeiro, A. Urvoy, B. Braverman, and
V. Vuletic´, Phys. Rev. A 96, 050301 (2017).
[S22] D. J. Wineland, J. J. Bollinger, W. M. Itano, and D. J. Heinzen,
Phys. Rev. A 50, 67 (1994).
[S23] E. Davis, G. Bentsen, and M. Schleier-Smith, Phys. Rev. Lett.
116, 053601 (2016).
[S24] O. Hosten, R. Krishnakumar, N. J. Engelsen, and M. A. Ka-
sevich, Science 352, 1552 (2016).
[S25] S. P. Nolan, S. S. Szigeti, and S. A. Haine, Phys. Rev. Lett.
119, 193601 (2017).
[S26] M. Foss-Feig, K. R. A. Hazzard, J. J. Bollinger, and A. M.
Rey, Phys. Rev. A 87, 042101 (2013).
[S27] M. Foss-Feig, K. R. A. Hazzard, J. J. Bollinger, A. M. Rey,
and C. W. Clark, New Journal of Physics 15, 113008 (2013).
[S28] L. Y.-C. J. G.-R. Ji, C.-G., Quantum Inf. Comput. 13.
[S29] A. Polkovnikov, Annals of Physics 325, 1790 (2010).
[S30] M. Gross and S. Haroche, Physics Reports 93, 301 (1982).
[S31] G. E. Marti, R. B. Hutson, A. Goban, S. L. Campbell, N. Poli,
and J. Ye, Phys. Rev. Lett. 120, 103201 (2018).
